The aim of this paper is to prove some PPF dependent fixed point theorems using the concept of asymptotically regular non-self mappings in the Razumikhin class.
Introduction
Many problems arising in different areas of mathematics such as optimization, variational analysis, and differential equations can be modeled by the equation = , where is a nonlinear operator defined on a metric space. The solutions to this equations are called fixed points of . A very powerful tool in fixed point theory is the Banach contraction principle for a single-valued mapping. It states that, if is a contraction on a metric space , then has a unique fixed point and for any ∈ , the sequence of iterates { } strongly converges to the fixed point of . It is no surprise that there is a great number of generalizations of this principle. (See, for example [2, 5, 9, 11, 13] ). One of the most interesting result is the extension of Banach's contraction principle in case of non-self mappings. In 1977, Bernfeld et al. [3] introduced the concept of past-present-future (briefly PPF) dependent fixed point in which mappings have different domains and ranges. Furthermore, they gave the notion of Banach-type contraction for a non-self mapping and proved the existence of PPF dependent fixed point in Razumikhin class. After that, several mathematicians proved PPF dependent fixed point theorems by modifying Banach-type contraction and using different notions (see [1, 6, 7, 8, 12, 15] ). These results are useful for proving the solutions of nonlinear functional differential and integral equations which may depend upon the past history, present data and future consideration. In this paper, we introduce the concept of asymptotically regular non-self mapping and establish the existence and convergence of PPF dependent fixed point theorems for generalized Banach-type contraction mappings. To the best of our knowledge, there has been no discussion so far concerning the PPF dependent fixed point theorems for asymptotically regular mapping.
Preliminaries
Throughout this paper, denotes a Banach space with the norm ‖ • ‖ , denotes a closed interval [ , ] in ℝ and 0 = ( , ) denotes the set of all continuousvalued functions on equipped with the supremum norm ‖ • ‖ defined by
For a fixed element ∈ , the Razumikhin or minimal class of function in 0 is defined by
It is easy to see that the constant function is one of the mapping in ℛ . The class ℛ is said to be algebraically closed with respect to difference if − ∈ ℛ , whenever , ∈ ℛ . Also, we say that the class ℛ is topologically closed if it is closed with respect to the topology on 0 generated by the norm ‖ • ‖ 0 .
Definition 2.1(Bernfeld et al. [3] ) A Point ∈ 0 is said to be a PPF dependent fixed point or a fixed point with PPF dependence of the non-self mapping : 0 → , if = ( ) for some ∈ . The concept of asymptotically regular mapping is due to Browder and Petryshyn [4] . Now we will define the asymptotically regular non-self mapping as follows.
Definition 2.3.
A mapping : 0 → is said to be asymptotically regular at a point in 0 , if
where denotes the nth iterate of at in 0 . It is remarked here that asymptotically regularity at a point in 0 is not only fruitful in proving the existence of fixed points of : 0 → but it is equally helpful in showing that in certain cases the sequence of iterates at a point in 0 converges to a fixed point of . These conclusions are derived and established in our theorems.
Main Results
Theorem 3.1. Let : 0 → be a mapping satisfying the following conditions. (a) There exists ∈ such that ℛ is topologically closed and algebraically closed with respect to difference. Then has a unique PPF dependent fixed point in ℛ , if is asymptotically regular at some point  in ℛ .
Proof: Let 0 ∈ ℛ ⊆ 0 and assume that is asymptotically regular at a point 0 ∈ ℛ ⊆ 0 . Since ℛ is algebraically closed with respect to difference, we have
for all ∈ ℕ. Now, consider the sequence { 0 }, then for any , ≥ 1 by (3.1), we have 
Right hand side of the above inequality tends to zero as n  under the condition of asymptotic regularity of at The uniqueness of PPF dependent fixed point can be proved exactly as proved in Theorem 3.1.
Next, we shall show that the sequence   n T  also converges to the PPF dependent fixed point of .
Consider, 
